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Abstract. We describe an innovative statistical approach for the ab initio simultaneous analy-
sis of the formation history and morphology of the large-scale structure of the inhomogeneous
Universe. Our algorithm explores the joint posterior distribution of the many millions of param-
eters involved via efficient Hamiltonian Markov Chain Monte Carlo sampling. We describe its
application to the Sloan Digital Sky Survey data release 7 and an additional non-linear filtering
step. We illustrate the use of our findings for cosmic web analysis: identification of structures
via tidal shear analysis and inference of dark matter voids.
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1. Introduction
How did the Universe begin? How do we understand the shape of the present-day cos-
mic web? Within standard cosmology, we have an observationally well-supported model
for the initial conditions (ICs) – a Gaussian random field – and the evolution and growth
of cosmic structures is well-understood in principle. It is therefore natural to analyze
large-scale structure (LSS) surveys in terms of the simultaneous constraints they place
on the statistical properties of the initial conditions of the Universe and on the shape of
the cosmic web. Due to the computational challenge and to the lack of detailed physical
understanding of the non-Gaussian and non-linear processes that link galaxy formation
to the large-scale dark matter distribution, the current state of the art of statistical anal-
yses of LSS surveys is far from this ideal and these problems are addressed in isolation.
Here, we describe progress towards the full reconstruction of four-dimensional states and
illustrate the use of these results for cosmic web classification.
2. Statistical approach
2.1. Why Bayesian inference?
Cosmological observations are subject to a variety of intrinsic and experimental un-
certainties (incomplete observations – survey geometry and selection effects –, cosmic
variance, noise, biases, systematic effects), which make the inference of signals a funda-
mentally ill-posed problem. For this reason, no unique recovery of the initial conditions
and of the shape of the present-day cosmic web is possible; it is more relevant to quantify
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a probability distribution for such signals, given the observations. Adopting this point of
view for large-scale structure surveys, Bayesian forward modeling (gravitational struc-
ture formation is the generative model for the complex final state, starting from a simple
initial state – Gaussian or nearly-Gaussian ICs) offers a conceptual basis for dealing
with the problem of inference in presence of uncertainty (e.g. Jasche & Wandelt 2013a;
Kitaura 2013; Wang et al. 2013).
2.2. High-dimensionality
Statistical analysis of LSS surveys requires to go from the few parameters describing
the homogeneous Universe to a point-by-point characterization of the inhomogeneous
Universe. The latter description typically involves tens of millions of parameters: the
density in each voxel of the survey volume. No obvious reduction of the problem size
exists. “Curse of dimensionality” phenomena (Bellman 1961) are therefore the significant
obstacle in this high-dimensional data analysis problem. They refer to the problems
caused by the exponential increase in volume associated with adding extra dimensions
to a mathematical space, and therefore in sparsity given a fixed amount of sampling
points. Numerical representations of high-dimensional probability distribution functions
(pdfs) will tend to have very peaked features and narrow support, which means that
traditional sampling methods will fail. However, gradients of these functions carry capital
information, as they indicate the direction to high-density regions, permitting fast travel
through a very large volume in parameter space.
2.3. Hamiltonian Monte Carlo
The Hamiltonian Monte Carlo algorithm (Duane et al. 1987) is an algorithm for exploring
parameter spaces with particles (samples). The general idea is to use classical mechanics
to solve statistical problems. The algorithm interprets the negative logarithm of the pdf to
sample from, P(x), as a potential, ψ ≡ − ln(P(x)), and integrates Hamilton’s equation in
parameter space. Due to the conservation of energy in classical mechanics, the theoretical
acceptance rate is always unity. Therefore, HMC beats the “curse of dimensionality” by
exploiting gradients (∂ψ(x)/∂x in Hamilton’s equations) and using conserved quantities.
3. Physical reconstructions
3.1. Bayesian large-scale structure inference in the SDSS DR7
The full-scale Bayesian inference code borg (Bayesian Origin Reconstruction from Galax-
ies, Jasche & Wandelt 2013a) uses HMC for four-dimensional inference of density fields
in the linear and mildly non-linear regime. The (approximate) physical model for grav-
itational dynamics included in the likelihood is second-order Lagrangian perturbation
theory (2LPT), linking initial density fields (at a scale factor a = 10−3) to the presently
observed large-scale structure (at a = 1). The galaxy distribution is modeled as a Pois-
son sample from these evolved density fields. The algorithm also accounts for luminosity
dependent galaxy biases (Jasche & Wandelt 2013b). In Jasche et al. (2014), we apply
the borg code to 463,230 galaxies from the Sample dr72 of the New York University
Value Added Catalogue (NYU-VAGC, Blanton et al. 2005), based ot the final data re-
lease (DR7) of the Sloan Digital Sky Survey (SDSS, Adelman-McCarthy et al. 2008;
Padmanabhan et al. 2008).
Each inferred sample (Fig. 1, left) is a “possible version of the truth” in the form
of a full physical realization of dark matter particles. The variation between samples
(Fig. 1, right) quantifies joint and correlated uncertainties inherent to any cosmological
observation and accounts for all non-linearities and non-Gaussianities involved.
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Figure 1. Bayesian LSS inference with borg in the SDSS DR7. Slices through one sample of
the posterior for the initial and final density fields (left) and posterior mean in the initial and
final conditions (right). The input galaxies are overplotted on the final conditions as red dots.
0 100 200 300 400 500
z [Mpc/h]
−500
−400
−300
−200
−100
0
x
[M
p
c/
h
]
0 100 200 300 400 500
z [Mpc/h]
−500
−400
−300
−200
−100
0
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0
ln
(2
+
δ)
Figure 2. N -body filtering of a borg sample (left), to produce a non-linear data-constrained
realization of the redshift-zero large-scale structure (right).
3.2. Non-linear filtering
Building upon these results, it is possible to post-process the samples using fully non-
linear dynamics as an additional filtering step (Leclercq et al. 2014). We generate a
set of data-constrained realizations of the present large-scale structure: some samples of
inferred initial conditions are evolved with 2LPT to z = 69, then with a fully non-linear
cosmological simulation (using gadget-2) from z = 69 to z = 0. This filtering step yields
a much more precise view of the deeply non-linear regime of cosmic structure formation,
sharpening overdense, virialized structures and resolving more finely the substructure of
voids (Fig. 2).
4. Cosmic web analysis
4.1. Tidal shear classification
The results presented in § 3.1 form the basis of the analysis of Leclercq et al. (in prep.),
where we classify the cosmic large scale structure into four distinct web-types (voids,
sheets, filaments and clusters) and quantify corresponding uncertainties. We follow the
dynamic cosmic web classification procedure proposed by Hahn et al. (2007), based on
the eigenvalues λ1 < λ2 < λ3 of the tidal tensor Tij , Hessian of the rescaled gravitational
potential: Tij ≡ ∂2Φ/∂xi ∂xj , where Φ follows the Poisson equation (∇2Φ = δ). A voxel
is in a cluster (resp. in a filament, in a sheet, in a void) if three (resp. two, one, zero) of
the λs are positive.
By applying this classification procedure to all density samples, we are able to estimate
the posterior of the four different web-types, conditional on the observations. The means
of these pdfs are represented in Fig. 3.
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Figure 3. Mean of the posterior pdf for the four different web-types in the SDSS DR7.
4.2. Dark matter voids
In Leclercq et al. (2014), we apply computational geometry tools (vide: the Void IDen-
tification and Examination pipeline, Sutter et al. 2014) to the constrained parts of the
non-linear realizations described in § 3.2. We find physical cosmic voids in the field traced
by the dark matter particles, probing a level deeper in the mass distribution hierarchy
than galaxies. Due to the high density of tracers, we find about an order of magnitude
more voids at all scales than the voids directly traced by the SDSS galaxies. In this fash-
ion, we circumvent the issues due to the conjugate and intricate effects of sparsity and
biasing on galaxy void catalogs (Sutter et al. 2013) and drastically reduce the statistical
uncertainty. For usual void statistics (number count, radial density profiles, ellipticities),
all the results we obtain are consistent with N -body simulations prepared with the same
setup.
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